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Abstract 

We construct a bicovariant differential calculus on the quantum group 
GLg{3), and discuss its restriction to [SU{3) ^ U{l)]g. The g-algebra of 
Lie derivatives is found, as well as the Cartan-Maurer equations. All the 
quantities characterizing the non-commutative geometry of GLq{3) are given 
explicitly. 
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It is tempting to use quantum groups for the construction of generalized 

gauge and gravity theories. Some initial work in this direction can be found in 
refs. !§]-[§] for g-gauge theories and in 0, |^ for g-gravity theories. The basic 



idea of ref. is to obtain a g-gravity theory as a "gauge" theory of the quantum 
Poincare group (or of the quantum De-Sitter group). For this we need to study the 
differential (non-commutative) geometry of the relevant (j- Poincare (or g-De Sitter) 
group. As a first step, the bicovariant calculus on the D = 2 g-Poincare group was 
developed in 0. 

On the other hand, the differential geometry of the quantum SU{2) and SU{3) 
groups is of interest in the construction of g-deformed gauge theories that reduce to 
the standard model for g ^ 1. The Cartan-Maurer equations for the g-analogue of 
the left-invariant one-forms define the field strengths, as in the classical case, and 
one can find an action of the type FJj_^F^^gij invariant under the g-group symmetries 

0- 

The differential calculus on g-groups, initiated by Woronowicz [ffO], has been 



developed in a number of papers from various points of view ||Tl|-||2^. The general 
theory being still in its infancy, we feel that explicit non-trivial examples may 
be inspiring, and in this Letter we present a (bicovariant) differential calculus on 
GLg{3) and on its restriction to [SU{3) ® U{l)]g. 

The quantum group GLq{3) is defined as the (associative) algebra A freely 
generated by: 

i) non-commuting matrix entries T"^, a,b=l,2,3, satisfying 

R^\fT\T^, = T\T\R'f (1) 

where the R matrix is given in Table 1, the rows and columns being numbered 
in the order 11,12,13,21,22,23,31,32,33. The R matrix satisfies the quantum 
Yang-Baxter equation 

r>aibi T}a2C\ p''2C2 p^ici f?aiC2 pa2''2 (r\\ 

a2b2^ agca-"- 63C3 ~ ^ fe2C2-"- a2C3-" 0363' 

a sufficient condition for the consistency of the "RTT" relations (|1]). One can also 
think of the indices "j, of T'*^ as composite indices taking the values 1,...9 (with 
11-^1, 12-^2, 13^3, 21^4, 22^5, 23-^6, 31-^7, 32-^8, 33^9), so that 



(3) 







T2 




b — 












Ts 
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Then the relations (0) take the exphcit form: 



T2T, 
T2TS 

T,Ts 



qT2Ti 

qT^Ti 
qT->T2 
qTsT2 

qT^Ti 
qTjT^ 
qTgT^ 
qTgTj 



rri rri rri rri rri rri 

Iil3 = ql3li, I2I3 

= {q- q'^)nT2 + T^Ti, T^Te 

T2TQ = {q- q-^)T^T3 + TeTa, T1T9 

TaTg = {q- q~^)TsT3 + T9T2, T3T9 

rri rri rri rri rri rri 

7^478 = {q- q~^)T7T^ + T8T4, T4T9 

T5T9 = {q- q'~^)TsTe + TgT^, T^Tg 

rri rri rri rri rri rri 



qTzT2, 

{q-q-')TAT3 + TeTi, 
{q - q-')TjT3 + TgTi, 
qTgTa, 

qT&T^, 

(g - q~^)TjTQ + TgT^, 
qTgTe, 
qTgTg. 



(4) 

all other commutations being trivial. For — 1 all elements commute (the 
matrix becomes 6^6^, cf. Table 1). 



ii) the identity element I and the inverse ^ of the (/-determinant of T, defined 



by: 



^detgT = detgT^ = / 



o-(n) 



(5) 
(6) 



where l{a) is the minimum number of transpositions in the permutation a. Explic- 
itly: 



det„T = TiTsTg + g^TaTeTr + q^nT^Ts - qT^T^T^ - q^TsnTj - qT2TATg 



(7) 



It is not difficult to check that 1^ and det^T commute with all the elements T°'f,. 
The non-commutative algebra generated by T"^, I and ^ is a Hopf algebra, i.e. we 
can define a coproduct A, a counit e and a co inverse k: 



A{T\) = T\(^T\, A(J) = J®/ 
eiT\)=dl £(/) = ! 
<T\) = {T-')\, k{I) = I. 

the (matrix) inverse of T being given by(cf. 0): 

T^Tg - qTfiTs -q~^T2Tg + T^Ts q''^T2TQ - q'^T^T^ 
-qT^Tg + q^T^Tj T^Tg - qT^Tj -q-^T^T^ + T3T4 
q^T^T^ - q^nTr -qT^T^ + q^T2Tj T^T^ - qT2n 

From eqs. (0) and (H) one deduces the co-structures on det^T and ^: 



A(detgr) = detgT ® det^T, A(0 = ^ ® C 
£(det,T) = l, £(0 = 1 
«;(detqT) = ^, = det^T 



(8) 

(9) 
(10) 



(11) 



(12) 
(13) 
(14) 
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For q E R a. g-analogue of complex conjugation (^-structure) can be consistently 
defined on A as [Q]: 

T* = {T~'y (15) 

This unitarity condition restricts GLq{3) to its quantum subgroup [SU{3) <^U{l)]q. 
The further constraint det^T = / yields SUq{3). Other real forms of GLq{3) can be 
considered, via a more general unitarity condition P]. 

The differential calculus we are about to construct can be entirely formulated in 
terms of the R matrix. This is true for all quantum groups of the A, B, C, D series. 
The general constructive procedure can be found in ref. 0], or, in the notations 
we adopt here, in ref. There the reader can find the derivation of the general 
formulas appearing later in this Letter. 

As discussed in |rD| and |T^, we can start by introducing the (quantum) left- 
invariant one-forms uj^, whose exterior product 

u:^^ A uf^ ^ <^ ® u;,f - K\'TcX<' ® (16) 
is defined by the braiding matrix A: 

A a2 rf2|Ci 6i — jf2J-l f>f2bi ('R-l^cigi / p-l\a2ei 1592^2 
^^ai di I C2 62 — " "£2-"- C2gi\^ I eiail-n- ) g2di^ 62/2 ' ) 

For q ^ 1 the braiding matrix A becomes the usual permutation operator and one 
recovers the classical exterior product. 

In the case of GLq{3) there are nine independent left-invariant one-forms ujJ', 
a,b=l,2,3, and we number them uj^, i=l,...9, according to the same index convention 
used for the matrix elements T^-f,, i.e. cj]^^ —>■ uo^^uo^ uJ^ etc. The d vector in ( p]7D 
is given by d\ = q,d2 = q^,d3 = q^. 

The commutation relations for exterior products of uj' are deduced from the 
formula [valid for all GLq{N)], cf. 

J A uj^ = -Z'^ ^lU^ A J (18) 

Z'\,^^^^[K'\, + {K''f (19) 

For GLq{3), these relations are collected in Table 2 (we have omitted the wedge 
symbol in the exterior products between the uj). 

As in the classical case, the left-invariant 1-forms uo^ are a basis for the space F 
of quantum 1-forms, i.e. any p G F can be expressed as p = a^'^ uj', with ai,°- G A. 
The left and right action of the quantum group on F are defined as follows: 

Az.«^) = /®<^ (20) 

A^«^)=<®MX,/^ (21) 
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where M''^^^^"^, the adjoint representation, is given by 

M'U^'^T^^TX). (22) 

The g-analogue of the fact that left and right actions commute is given by the 
property 

{id®AR)AL = {AL®id)AR (23) 

The bimodule Qr is further characterized by the commutations between uj' and 
the basic elements of A: 

<'T\ = sT'^,iR~T\a,iR~T\,t,<' (24) 

<Met,T = s'q-' det,T<^ , = s-'q' (25) 

where s is a complex arbitrary scale (whose classical limit is 1), cf. refs. and 



21| . From eq. (^) we see that s = is a "canonical" choice for s (then det^T and 



its inverse ^ commute with any element of F). Equations (|2^ ) also allow to find the 
commutations between a generic p G F and a generic a E A, since any p is a linear 
combination of uj' with coefficients belonging to A, and any a is a polynomial in 



the r\. 



Table 3 contains a list of the commutations (|2^) for GLq{3), with s = 1. The 
case s 7^ 1 is recovered by multiplying the right-hand sides of Table 3 by s. 



The induced *-structure on the cu's is given by [0, [jT7 



i<r = (26) 

and is extended to F via the rules 

(ap)*=p*a*, {pay = a*p*. (27) 

This *-structure is compatible with the left and right action of the quantum group, 
i.e. 

A(a*) = [A(a)]*, Va G A (28) 
A^(p*) = [A,.(p)r, A«(p*) = [A^(p)r, VpGF (29) 
where (a 6)* = h* ® a\ {a® p)* = a* ® p* , (pOa)* = p* ® a* , \/a,b e A, p G F. 

The exterior differential on F^'^ = F A F A ■ ■ ■ A F (k-times) is defined by means 
of the bi-invariant (i.e. left- and right-invariant) element r = J2a G F as follows: 

de = —^—^[rAe-{-ifeATi (30) 



^ "bimodule" meaning that p G F can be multiplied on the right and on the left by elements 
a £ A. In general ap ^ pa. 
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where 9 G V^^. The normahzation is necessary in order to obtain the correct 

classical limit. For a G A we have 

da = -Wa — ar]. (31) 

q-q 

This linear map satisfies the Leibniz rule 

d{ah) = {da)b + a{db), Va, b e A; (32) 

and has the properties 

d{eA9') = deAe' + {-if9Ad9' (33) 

d{d9) = (34) 
d{9*) = {d9)* (35) 
ALid9) = {td0d)ALi9) (36) 
AR{d9) = {d^td)An{9), (37) 
where 9 eT^'',9' e T^'^'. The ^-structure on r^" can be inferred from the rule 

{9 A 9')* = {-1)^''' 9'* A 9* (38) 

The properties (0), (^) express the fact that d commutes with the left and right 
action of the quantum group, as in the classical case. Moreover, for a generic p € F 
we have 

p = akdbk, ak,bkeA (39) 

The relations of Table 6 can be inverted to yield the uj' in terms of the dT'^a, thus 
proving the decomposition (pQ]). 

The bimodule F and the mappings (i, A/j, A/, with the above properties define 



a bicovariant differential calculus on the g-group [10 



The "quantum Lie algebra generators" are linear functionals on A (i.e. belonging 
to its dual A') introduced via the formula |1^ 

da = -^-^ [ra - ar] = {x^i^ * a)<^ . (40) 
q ~ q 

where 

X*a={td(g) x)A(a), \/a E A, x e A' (41) 

By taking the exterior derivative of (^0]) , requiring that d^ = and using the fact 
that T = uj^^ is bi-invariant, we arrive at the g-Lie algebra relations [T^, : 



A C2 ei /i I (I2 C2 A /2 a2 C2lai A 02 \^^/ 
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where the structure constants are exphcitly given by: 

C^ai bi I C2 _ ^ r xhxai':C2 i A 6 C2 1 ai bi i fAo\ 

and x\x% = {x\^X%)^- 

The ^-structure on A induces a *-operation on the g-generators as follows: 



{xZJi(^) = xrM-'{a*)), yaeA (44) 

where the overline denotes the usual complex conjugation. As an example, let us 
consider the g-generators x"'h fundamental representation: 

(X^)X = X^(T\) (45) 



By using eqs. (^) and (^J)' ^^^Y fi'^'^ ^^^^ 



[(X^)1'';,2 = (X'^^jt (46) 

^ (X^)* = (47) 
where the dagger f means usual hermitian conjugation of the matrix that represents 

■2 

ai ■ 



x"' 



The GLq{3) Lie algebra relations are presented in Table 4, with the standard 
index convention already used for the T"^ and the uj'. In the limit g — *• 1, we recover 
the SU{3)®U{1) Lie algebra in the Cartan basis. The two commuting [/(l)'s inside 
SU (3) are generated by ^^(xi ~ Xb) |(Xi + Xs ~ 2^9), and the remaining U (1) 
by X1 + X5 + X9- The generators ^(X2, Xs, Xe, X4, X7, Xs) correspond to the roots of 
the SU{3) hexagon, ordered counterclockwise, with X2 on the positive x-axis. Note 
that the g-generators X5)X9)X6,X8 close on the GLq{2) g-Lie algebra discussed for 
ex. in ref. |^ (there the generators are denoted by Xi) X2 5 X+) X-)- the limit 
g — > 1, the rule (^Tf ) can be verified to yield the familiar relations X2 = iXi)^ ^tc. 

The Cartan-Maurer equations are found by applying to uoj^'^ the exterior differ- 
ential as defined in (Bol): 



= ^^M' ^ + ^ ^^') = -cVUcT A <■ (48) 



In order to obtain an explicit expression for the C structure constants in ( ^8] ) 
which reduces to the correct g = 1 limit, we must use the relation (plSf ) for the 
commutations of with uj^_^ . Then the term uj^^ l\^h (|48|) can be written as 
—Zujui via formula (ITSl), and we find the C-structure constants to be: 



/-rai 61 I C2 ^ /^XQlXbl^C2 ^ \ A C2 feiai fei , /A-lN C2 feiai fei ]\ 

aa fealci " ^ _ g-1 "2 "ci ^^62 ^2 _^ ^-2 ^^^ci 6 I 02 '^^^ Jcibla2fe2J>' 

^ T(C<^C-^^[C^S^g + (A-')cr.ti2'i2])' (49) 



g i g"^ + g 
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where we have used (see for example pT|) 



A C2 feiai bi _ XaiK.hiSC2 /crnN 
^^ci fe I aa fe2 ~ %"ci%- l^UJ 



By considering the analogue of (|T^ for A~^, it is not difficult to see that the terms 
proportional to -^-^y cancel, and the g — 1 limit of (|49|) is well defined. 
The Cartan-Maurer equations for GLq{3) are collected in Table 5. 

Finally, we compute the Lie derivative of the g-group elements Tj and of the 
left-invariant 1-forms oj*. As discussed in [^, the functionals Xi ci-re the g-analogue 



of tangent vectors at the origin of the group, while U = x* = (id ® Xi)^ the 

q-analogue of left- invariant vector fields. The Lie derivative along t = of a 
generic element r G F®" is defined by 

itiT) = x*r = {td®x)^Rir) (51) 



We refer to for a discussion of the properties of the quantum Lie derivative. The 
Lie derivative of a;* is essential for defining the g-gauge variations of the g-potentials 
u\ see refs. and [0. Table 6 and Table 7 contain the exterior derivative of 
the T";, elements of GLq{3), and the Lie derivative of the left-invariant uj'. The 
relevant formulas are (|40|) and: 



X^*<=<^C--J.^ (53) 

cf. ref. [^. In Table 7 we actually give the g-analogue of the gauge variations of 

the potentials u\ i.e. Su^ = e^itkU!\ where is a "g-gauge parameter". 

As in the classical case, the g-Lie derivative commutes with the exterior differental: 

det = itd (54) 



and is a representation of the g-Lie algebra, since |21 



[4,^*J. = ^fe,t.], (55) 

with [ti,tj]q = [xi,Xj]q *■ The g-commutator [ , ]q is defined by the left-hand side 
of eq. 



We conclude by observing that the GLg(2) bicovariant differential calculus of 
ref. pl| can be obtained by "projecting" the GLg{3) formulas obtained in this 



Letter into their GLq(2) subspace. This is done by rescaling the T, u and x with 
indices 1, 2, 3, 4, 7 and letting the rescaling parameter go to zero. 
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Table 1 

The R matrix for GLq{?>) 

OOOOOOOX 



1 
1 
g 
1 
A 1 
A 1 
000000?/ 



2 

The commutation relations between the left-invariant a;' 

uj^uj^ = ujW = a;3a;3 = uj'uj^ = cu^cu^ = u'uj' = cv^cv^ = 
uj'^uj'^ + uj^uj^ = 
u^cu^ + uj^u;^ = 
w^a;^ + ioW = 

a;^ a;^ + u;^ a;^ + - (1 - g") (a;^ a;^ - u;^ o;^) = 

a;^a;^ + ga;^a;^ = 
(1 + g^) a;' o;^ + 2 g' o;^ a;' + (g' - 1) {cu^ cu^ + cu^ cu^) = 
g2 ^5 + + (1 - g2)2 a;2 ^ (1 - g^) ^1 = 

a;^ + g"^ a;^ a;^ ^ ^ (g-^ - 1) {u' - u') + (g^ - 1)0;^ a;^ = 

(1 + g^) a;^ + 2 g^ uP uP + g(g' - 1) {u^ uj^ + uj^) = 
ga;^ w^ + w^o;^ = 

a;2a;9 + a;9a;2 + i(g-g-i)(ga;3u;8-u;8^3)^l 2(^_^2^2^i^2^1(^_^2)2^2^5^Q 



ab 



cd 



( q 

1 



A 









V 



where \ — q — q 



T; 
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(1 + q^) + 2 q^ co^ + q{q^ - uj^ + uj^ uj^) = 

(1 + q^) u^u'> + 2 q^ u'' co' + q{q'' -l)iuj^uj^ + q-' J' u^) + q\l - q^f ujW = 

cu^cu^ + q-^ u^u^ = 

{l+q*)uW+2q^u'u'~{l-q^f {uW+u'uj') + {q^-l){u'u'+uW)+2q\l-q^)uW = 
(lV)^V+2gc^V-(l-g2)2a;V+(l-g^)c^V+(g2-l)(a;V+(^V)-2g2(l-g2)a;V = 
g2(lV)(^V+g-2a;''a;=^)-(l-g2)(2-gW)^'^'+2g(l-g')a;VV(l-g')Va;' = 
(1 + q^){uj^u;^ + a; V) + q\q^ - 1) ujW = 
uj^u^ + quj^uj^ = 
LuW + q-'uj^uj'' = 

co^cu^ + qu^u" + - l)(a;'a;^ - cu^cu^) + q{q^ - l)uj^u^ = 

co^'co' + ga;V + ^q-'iq^ - 1){luW - q-' u'co') = 

(1 + q^f J'uf' + (1 - q^f (a; V + J'u:'') + 2q^{\ - q^){u?uj^ - coW) = 
(l + g2)(a;5^6^a;V) + (l-g')2(a;V+a;6a;i) + 2Q(l-g2)a;3a;4-g2(g2_^)2^4^3_Q 

(1 + q^) uW + 2q^ u'u"^ + q^l - q^fuj'^u^ + q\q^ - l){q-' uj^uj^ + a; V) = 

a;V + ^V + (g2-l)^V = 

a;V+a;V+^52(g^-l)2a;V-^(g^-l)^a;V+^(l-g^)Va;5+^(g^-l)(a;V-u;V) = 

^ Zi ^ Zi 

(l+g^)cuV+2g^^V+g2(l-g2) a;V+(g2-l)(cuV+o;V) = 

a;V+2g2a;V + (l-(z2)2(a;V+a;5a;^)-2g2(i-g2)2^4^2^2g2(i-g2)^2^4_ 

-2g'(l - g") a;V + 2q^{\ - + (g^ - l)(a;5a;9 + c^^o;^) = 

g2(gVl)(a;V+g-2a;V)+(g2-l)2(a;V+a;6a;^)+2g(l-g2)a;V+g"(l-g2)2a;V+ 
+(1 - - + q'')uf'J' + (1 - g^) a;^^;^ = 
a;V + gwV = 

(1 + g2)(a;7a;9 + g^ a;^^;^) + g^(g^ - + g2(g^ - = 

(1 + q^^U^'J' + g2 CU^CU^) + g4(g4 _ 1)^7^2 ^ ^2(^4 _ ^)^8^5 _ 

(lV)'^V+(l-g2)2(a;V+a;^a;i)-2g2(l-g2)2(a;V+g^u;V)+2g2(l-g2)(a;3a;^-g2a;V) 
-2g2(l - q^fof'J' + (1 - g2)2 {J'uP + a;^^;^) + 2g2(g2 - l)(a;«a;« - a;«a;«) = 
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Table 3 

The commutation relations between uf and T,- 







UJ'T2 






= T^cji 




= q-^nuj' 
















= Tsu' 
















= q-^T^cu^ 




= nu' 




= q-'Tju^ 








= q-^TiU^ 








= q-^T^LO^ 




= T,u^ 




= q-^T-jU^ 


a;3r8 


= Tsij' 




= q-^T2UJ^ 




= Tsu^ 




= q-'T.cu'' 








= q-^T^uj^ 




= T^uj^ 














iJ'T2 


= q-^T^uJ^ 




= q-'ncu^ 








= q-'Tsu' 




= q-^T-^u^ 




= q-'nu' 








= q-'TeU^ 


a;«r9 


= q-'T,uj^ 







oj^Ts = - 1)T7U^ + q-^TsLO^ uj^Ti = {q-^ - 1)T2U^ + q-^T^uj^ 

uj^Ti = - l)T5a;i + q-^T^uo^ u^Tj = (g-^ - l^Tgo;! + g-^Trc^^ 

a;5ri = (g-^ - g)T2tt;2 + T^cv^ u^T^ = {q~^ - q)T5io^ + T^uj^ 

cu^Ty = (g-^ - gjrgcj^ + Trcu^ uj^T^ = (g"^ - gjTaW^ + Tiu^ 

uj^Ti = (g-i - q)nuj^ + T^oj^ uf'T^ = (g-^ - q)Tsu;^ + T^uj^ 

oj^Ti = (g-2 - l)r3a;i + q-^T,u^ u^T2 = (g"^ - gjTso;^ + Tso;^ 

a;7r4 = (g-2 - l)T6a;i + q-^T^u' u'n = - q)Teco'' + T^u^ 

uj^Tr = (g-2 - l)TgLO^ + q-^T-ju'^ u'^Tg = (g-^ - q)TgLO^ + TgW^ 

co^T^ = (g-i - q)TQUJ^ + T4a;8 (^^Ty = (g-^ - q)TgU^ + Tyu;^ 

cu^T^ = (g-^ - g)T3a;'^ + T^u^ cu^T2 = (g"^ - g)T3a;6 + Taa;^ 
a;9r4 = (g-i - q)TeUJ^ + T^uj"" = - gjrea;^ + Tgo;'^ 

oj^T^ = (g-i - gjrga;^ + T^u^ u^n = - q)Tgu'' + T^uj^ 

cu^n = - 1)710;^ + (g-^ - q)T2Cu^ + g-^Tgcj^ 

u^n = (g"' - 1)^40;' + iq-' - q)T^oj^ + g-'Tgcj^ 

w^Tg = (g-2 - l)T^u^ + (g-i - g)T8a;2 ^ ^-i^g^a 
cu^Ta = (g-i - qf T2C0' + (g-^ - q)Tiu'' + q-^T2u' 
oj^n = (g-^ - g)2 + (g-i - g)r4CJ^ + q-^nuj' 



^Tg = (g-i - g)2 rga;^ + (g-^ - q)Trcu'' + q-^TsCu' 
6T3 = (g-i - g)2T2a;i + (g-^ - q)T^u^ + (g-^ - l)T2u' + q-^T^co 
u^Te = (g-^ - qfT.u' + (g"^ - g)r4a;^ + (g-^ - l)nu' + q-^T^u 
uj^T^ = (g-i - qfT^u^ + (g-^ - q)Tju^ + (g-^ - l)Tsu'> + q-^T^u 

,.,8t-l _ („-l _ ^^2t-' ,.,1 I _ „^TL,.,7 1 ('^-2 _ 1 ^T1,.,5 1 ^-iTT 



a;«r2 = (g-i - qfT^^u^ + (g^^ - g)riu;^ + (g-^ - l)T3Cc;5 + g-^Tsa;^ 
a;«r5 = (g-i - qfT^u^ + (g-^ - g)T4a;^ + (g-^ - 1)7^60;^ + q'^T^u' 

uj^T^ = (g-i - q^u^ + (g"^ - q)TjU^ + (g-^ - 1)Tqlj'^ + g-^TgW" 
a;9T3 = (g-i - qyT;,u' + (g"^ - g)2T3a;5 + (g-i - g)ricu7 + (g-^ - q)T2L0^ + q-^T^u^ 
uj^^Tq = (g-i - q)^nu^ + (g-^ - q^nu^ + {q'^ - q)T^uj'' + (g^^ - g)r5a;^ + g-'Tgc^^ 
u^Ts, = (g-i - qfTgUj' + (g-^ - qfTgu'' + (g-^ - q)T7ij'' + (g-^ - q)TsUj' + q-^Tguo^ 



10 



Table 4 

The g-Lie algebra 

X1X2 - X2X1 + (1 - 9^)(x2X5 + xsxs) = qx2 

X1X3 - XsXi + (1 - 9^)(?^X9X3 + X2Xq) = Q^Xs 
X1X4 - X4Xi - (1 - g^)(X5X4 + XeXr) = -gx4 
X1X5 - XsXi = 
X1X6 - XeXi = 

X1X7 - X7X1 - (1 - g^)(x8X4 + X9X7) = -gx7 

X1X8 - XsXi = 
X1X9 - X9X1 = 

X2X3 - ?"^X3X2 = 

X2X4 - X4X2 + (1 - ?^)[X5Xl - X5X5 + X7X3 - 9^X8X6 - (1 - 9^)(X9Xl - X9X5)] 

2 , /I 2^ =g^(Xl-X5) 

X2X5 - rX5X2 + (1 - r)X3X8 = gx2 

X2X6 - 9X6X2 + (1 - g^)X3X9 = qX3 

X2X7 - g"^X7X2 + {q~^ - g)(X8Xl - X8X5 - X9X8) = -X8 

X2X8 - gx8X2 = 

X2X9 - X9X2 = 

X3X4 - g~^X4X3 + {q~^ - g)(X6Xi - XsXe - X6X9) = -X6 

X3X5 - X5X3 + {q~^ - q)x6X2 = 

X3X6 - 9X6X3 = 

X3X7 - X7X3 - (1 - 9^)(x8X6 - X9X1 + X9X9) = q{xi - X9) 

X3X8 - 9X8X3 + (1 - 9^)X9X2 = 9X2 
X3X9 - 9^X9X3 = 9X3 

X4X5 - 9~^X5X4 + (1 - 9~^)X6X7 = -9~^X4 
X4X6 - 9~^X6X4 = 
X4X7 - 9X7X4 = 

X4X8 - 9"^X8X4 - (9"^ - 9)X9X7 = -X7 

X4X9 - X9X4 = 

X5X6 - X6X5 + (1 - 9^)X6X9 = 9X6 
X5X7 - X7X5 + (9"^ - 9)X4X8 = 
X5X8 - X8X5 - (1 - 9^)X9X8 = -9X8 
X5X9 - X9X5 = 

X6X7 - 9X7X6 + (1 - 9^)X9X4 = 9X4 

X6X8 - X8X6 + (1 - 9^)(X9X5 - X9X9) = 9(X5 " X9) 

X6X9 - 9^X9X6 = 9X6 
X7X8 - 9"^X8X7 = 

X7X9 - 9^^X9X7 = 9"^X7 
X8X9 - 9~^X9X8 = -9~^X8 
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Table 5 

The Cartan-Maurer equations 



(1 + q'^) duj^ = — g (1 — g^) u^uj^ — q{l — q^) uj^uj'^ — q^u'^u'^ — q^u^u'^ 
+q^u^u'^ - q{l - q^) uj^uj^ + q^uj^u^ - g (1 - q^) u'^lo^ 

(1 + q^) du^ — — g'' uj^oj'^ + q^ uj'^uj^ — g (1 — g^ + g^) u'^u!^ — g (1 — g^) u'^cu^ 
—q^ u^u^ + q^ u^u'^ + g^ u^lv^ — g (1 — g^) u^ui"^ 

(1 + g"^) dco^ = — g^ cu^u^ — g^ lu'^lo^ + g^ cu^uj^ — g (1 — g^) a;^c<j^ — qu^to^ + g^ (j^a;^ + g^ uj^uj^ 

(1 + g"^) du}^ = q^ uj^uj^ — q^ uj^uj^ + g^ co'^lj''' — g (1 — g^) u'^lj^ 

-g (1 - g^ + g^) uj^u;'^ - g^ a;^^;^ + g^ c^'^c^^ - g (1 - g^) uj^u;"^ 
(1 + g^) c/a;5 = g^ a;^^^ _ ^3 _ ^2 ^ ^4) ^4^2 _ ^ (_i + ^2^2 ^5^5 _ ^ (1 _ ^2) ^5^9 

-g^ cj'^a;^ - g^ (1 - g^) w^w^ + g^ cj^w^ - g (1 - g^) ^^^^^^ 
(1 + g"^) (ia;^ = g^ cu^a;*^ — g'^ cu^a;^ — g^ cu^a;^ + g^ u^u^ — q u^u^ + q^ cu^cu^ 
(1 + g^) da;^ = g^ tu^tu^ + g^ w^o;^ — g (1 — g^) lv^uj'^ — q' uPuj^ 

+g^ (J^J^ — q^ ijj^uj'^ — qJ^uP 
(1 + g^) djuf' = g^ uP'uj^ + g^ a;^a;^ - g^ (j^a;^ - g^ w^w^ + g^ (jj^uj^ - qu^uj^ 
(1 + g^) duj^ = -g3 (1 - g2) a;2a;4 + g3 ^3^7 _ ^5 _ ^2) ^4^2 _ ^3 _ ^2) ^5^5 

+g^ u^u^ — q^ uPiJ" - q^ u^u^ - g (1 - g^) (j^o;^ 

Table 6 

The exterior derivative of Tj 

-q + q"^ -q +q 

{-q^ + s-q^s + q^s) ^ 4 (-g^ + s) 5 (-1 + s) 9 

aTs = ^ 5 -T2UJ-sTiUj*+- —T2UJ -sT^uj^+- -T2U} 

-q + q -Q + Q -Q + Q 

-q + g-^ -g + g'^ 

dTi = - ir^iOJ — sT^u — sTqu -\ T^iu +lu ) 

-q + q-^ -q~^ + g 

-g + g'^ -q + q-^ -q +q 

ctTe = 5 (a; + a; ) - s r4 a; - s Ts a; H — Tq uo 

-q + g"^ -g + g 

JT-i (~g^ "'""5)0^1 rr 2 rjn 3 , / 5 , 9\ 

dT-j = ttT-juj — sTgLO —sTgU) -\ Tj (u + u ) 

—q + g-^ —Q~ + Q 

— g + g"* — g + g"* — g ^ + g 

d n = + + 79 (o;^ + a;^) - sTru' - sTs.^ + tl±^ t, 

-q + q"^ -q + q 
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Table 7 

The Lie derivative of 



' 4 = uj^+q co^-q LV^'-q iJ+e^ [(-g+g') V(g"'-g) uj''+{q-^-q) uj""] 

i 4 ^ ^1 ^2 ^ ^3 ^5 ^2 ^ ^ ^8 ^3 _ ,3 ^8 ^ ^2 ^1 _ ^ ^5 ^ (^-1 _ ^) ^9] 

4 = u;^ - q-^ e' co' + q co^ - a;^ + {q' - q u^) 
' uj^ = i-q'^+q+q^) uj^-q~^ e' u^+q ou^-e^ uP+e^ [-q u;^+{q-^-q+q^) ou^+{q-^-q) u^] 
i 4 uj^ = -q ^■^ + (q-q^ + q^) + {{q - q^) + {-q'' + q) u') + q e« a;^+ 

(g - q^) e^u' -q a;^ + [(-g + g^) u;^ + (g-^ - g) u^] 
' It, = -e^ u;^ + g^ io^ + (-g"' + g) cu^ - g~' u;*^ + g a;'' + e'^ (g^ u;^ - g o;*^) 

g^ uj^ + [-q uj^ + (g"^ - g) a;^ + g"^ a;^] 
' 4 = -e^ a;Vg' a;^+(-g- Vg) a;«+(-g- Vg+g=^) u^-q'^ co^+e^ {-qco'+q-' co^) 
4 co'^iq- q') - q e' + (g^ - q') lo^ - q e« a;^ + g=^ o;^ + g a;«+ 

[(g' - g') + (-g"' + g) + [(g - g') + (-g"' + g) A 
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